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Abstract 

We introduced a non-symmetric tensor product of any two states 
or any two representations of Cuntz-Krieger algebras associated with a 
certain non-cocommutative comultiplication in previous our work. In 
this paper, we show that a certain set of KMS states is closed with 
respect to the tensor product. From this, we obtain formulae of tensor 
product of type III factor representations of Cuntz-Krieger algebras 
which is different from results of the tensor product of factors of type 
III. 
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1 Introduction 

We have studied states and representations of operator algebras. KMS states 
over Cuntz-Krieger algebras with respect to certain one-parameter automor- 
phism groups are known [10l Q3] . GNS representations by such KMS states 
induce type III factor representations of Cuntz-Krieger algebras |26j. On 
the other hand, we introduced a non-symmetric tensor product of any two 
states or any two representations of Cuntz-Krieger algebras associated with 
a certain non-cocommutative comultiplication [25]. From these, we investi- 
gate the tensor product of two KMS states or their GNS representations of 
Cuntz-Krieger algebras in this paper. In consequence, we obtain formulae of 
tensor product of type III factor representations of Cuntz-Krieger algebras. 
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Remark that this is not a study of the tensor product of "factors" of type 
III but that of a certain non-symmetric tensor product of type III "factor 
representations." 

1.1 Motivation 

From studies of branching laws of a certain class of representations of Cuntz 
algebras [20l [211 E2]) we found a non-symmetric tensor product of repre- 
sentations of Cuntz algebras [23J. Subsequently, this tensor product was 
explained by the C*-bialgebra which is defined by the direct sum of all 
Cuntz algebras [23]. Furthermore such a construction of C*-bialgebra was 
generalized to Cuntz-Krieger algebras [25] . The essential tool of the con- 
struction is a certain set of embeddings among Cuntz-Krieger algebras. We 
explain this as follows. 

A matrix A is nondegenerate if any column and any row are not zero. 
For 2 < n < do, let M n ({0, 1}) denote the set of all nondegenerate n x n 
matrices with entries or 1 and define M = U n M n ({0, 1}). For A G M, let 
Oa denote the Cuntz-Krieger algebra by A [6]. For A, B G M, let A M B 
denote the Kronecker product of A and B [7]. Then M is closed with respect 
to M. We can construct a set {fA,B ■ A,B £ M} such that <£a,b is a unital 
*-embedding of Oaw into Oa ®Ob and 

i}PA,B <8> idc) ° fASB,C = {id A ® V-BjC 1 ) ° fA,BMO (A,B,C£M) (1.1) 

where idx denotes the identity map of Ox for X = A,C and Oa <8> Ob 
means the minimal tensor product of Oa and Ob- We will give the explicit 
definition of these embeddings in § ll.2i 

From the set <p = {^a,b ■ A,B E M}, we can define associative tensor 
products of states or representations as follows. Let Sa denote the set of all 
states over Oa- For p\ G 5,4 and p2 £ 5b, define p\ 0^ p2 G Sa^b by 

Pi ® v P2 = (pi <8> Pi) o <Pa,B- (1-2) 

From (II. ip . we see that 

(Pi ® V P2) ®<p P3 = Pi ®<p (P2 ®ip P3) (Pl,P2,P3 S S*) 

where 5* = LUeM^4- ^ n consequence, 5* is a semigroup with respect to 
the operation (g)„,. Let RepO^ denote the class of all unital ^representations 
of Oa- As is the case with states, we can define the associative operation 
® v on the class R* = LUeM R^pOa'- 

<S)ip : R* x R, — > R*. 
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We show properties of (g^, as follows: For two representations 7Ti,7T2 of a 
C*-algebra A, if 7Ti and 7T2 are unitarily equivalent (resp. quasi-equivalent), 
then we write tt\ ~ 1x2 (resp. tt\ ~ 7^). 

(i) For 7Tj, TTj £ R*, if 7Tj ~ 7r^ for each i = 1, 2, then 7Ti (g^ 7r2 ~ 71^ (g^, 7r 2 . 
From this, (g„ is well-defined on the set 

ft* = [J (RepO^/— ) (1.3) 
AeM, ({0,1}) 

of all unitary equivalence classes of representations of Oa's. 

(ii) The operation (g)^ satisfies the distribution law with respect to the 
direct sum. 

(iii) The operation (g^ is non-symmetric in a strong sense, that is, there 
exist A G M and m, ^2 £ RepO^ such that 7Ti (gy, 7T2 9^ 7T2 (g^, n\. 

(iv) Even if both tti and 7T2 are irreducible, 7ri<g^7T2 is not always irreducible 
(§ 4.1 of [23]). 

In addition, we can show the following. 

Lemma 1.1 (i) There exist A E M anc? £u>o factor representations iri 
and 7T2 0/ 0^ such that tti (g^ 7T2 is no£ a factor representation of 
Oama- 

(ii) There exist A G M and tti,tt2 G RepO^ suc/i £/iai 711®^ 7T2 96 7T2<g(r>7ri. 

(iii) For 7Tj, v! i G R*, if vrj ~ 7^ /or eac/i i = 1, 2, i/ien 7Ti g)^ 7T2 ~ vr^ (g^, 7r 2 . 

(iv) There exist pi, P2 G 5* suc/i that ir pi ® lfi ir p2 56 n pi ® P2 where ir p denotes 
the GNS representation by a state p. 

From Lemma ll.l( i). even if both iri and 7T2 are factor representations, tti®^ 
tt2 is not always a factor representation. From Lemma ll.lf ii). (g„, is also 
non-symmetric with respect to quasi-equivalence classes. Lemma ll. II will be 
proved in § 13.41 

Our interest is to compute tensor products of concrete states or rep- 
resentations of Cuntz-Krieger algebras with respect to the above operation 
tg^. For the case of permutative representations of Cuntz algebras, we gave 
formulae of decomposition of tensor products completely [23 1. In this case, 
non-type I representation never appear. In this paper, we intend to consider 
tensor products of non-type I representations. 
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1.2 A set of embeddings of Cuntz-Krieger algebras 

In this subsection, we review a set of embeddings of Cuntz-Krieger algebras 
|25j . We state that a matrix A G M n (C) is irreducible if for any i,j G 
{l,...,n}, there exists k G N = {1,2,3,...} such that (A k )ij ^ where 
A k = A - ■ ■ A (k times). For 2 < n < oo, let M n ({0, 1}) denote the set of all 
irreducible nondegenerate n x n matrices with entries or 1, which is not a 
permutation matrix. Define 

M*({0, 1}) = U{M n ({0, 1}) : n > 2}. (1.4) 

For A = (Aij) G M n (C) and 5 = (By) G M m (C), define the Kronecker 
product A M B G M nm (C) of A and by 

\ >m(i— l)+],m[i — 1)+] n JJ / 

for G {l,...,n} and j,/ G {1, . . . ,m} [7]. If A, B G .M*({0, 1}), then 

Am Be M*({o,i}). 

For A G Mn({0,l}), let \ . . . , Sn denote the canonical generators 
of Oa- For A G .M n ({0, 1}) and B G A4 m ({0, 1}), define the map tpA,B from 
Oamb to the minimal tensor product Oa &> C_b by 

^(4 A (f B i )+J ) = s * (A) s ? ] (* e ^ • • ■ > n >' * e ^ • • • ' m »- ( L6 ) 

Then we can verify that v?a,,b is uniquely extended to a unital *-embedding 
of Q A mB into O a ® Ob- Then {^a,b :ABe M»({0, 1})} satisfies ([LTD . 

1.3 GNS representations of Cuntz-Krieger algebras by cer- 
tain states 

In this subsection, we introduce an index set of states and representations 
of Cuntz-Krieger algebras by [121 [22] such that it is suitable to compute the 
tensor product by igu. We rewrite original statements as follows. Define 
Iq = {x G R : < x < 1}. For a = (ai,...,a n ) G Iff, define a = 
diag(ai, . . . ,a n ) G M n (R). For A G M n ({0, 1}), let denote the product 
of matrices d and A. Define 

A(A) = {ael%: PFE(aA) = 1} (1.7) 

where PFE(X) denotes the Perron- Frobenius eigenvalue of a irreducible 
non- negative matrix X [l] [29] . Since 

e(A) = (1/ca,...,1/ca) (1.8) 
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belongs to A(A) for c A = PFE(A), A(A) / for each A G M*({0, 1}). 

Define R+ = {x G R : x > 0}. For A G A4„({0, 1}) and a = 
(ai, . . . , a n ) G A(-A), let a? = (xi, . . . , x n ) G R™ denote the Perron- Frobenius 
eigenvector of a A such that x\ + - ■ -+x n = 1 and let s\, . . . ,s n denote canon- 
ical generators of Oa- Define the state p a over Oa by 

Pa{sjs* K ) = 5 JK a h . . . a jm ^x jm (1.9) 

when sjs* K / for J = {j u ... ,j m ) G {1, . . . ,n} m and K G U/>i{l, . . . ,n} 1 
where sj = Sj 1 ■ ■ ■ s, m . Then the following holds. 

Theorem 1.2 For a G A(A), let wa denote the GNS representation oJOa 
by Pa- Then the von Neumann algebra Ma = roa(0A) is an approxi- 
mately finite dimensional (=AFD) factor of type III. Furthermore, Connes' 
classification of the type of Ma \^ is given as follows: 

(i) If there exist p\, . . . ,p n G N and < A < 1 such that the greatest 
common divisor of the set {p\, . . . ,p n } is 1 and a = (A Pl , . . . , \ Pn ), 
then pi,... ,p n , A are uniquely determined by a, and M a is of type 
IIIa- 

(ii) If assumptions in (i) do not hold, then Ma is of type IIIi . 

In addition to Theorem 11.21 we define the positive real number A(a) by 

{A (a is as in the case of (i)), 
(1.10) 
1 (a is as in the case of (ii)). 

Then we can simply state that Ma is of type IIIa(o,) f° r each a G A(A). 
Especially, for e(A) in (|1.8p . X(e(A)) = 1/ca- The condition in Theorem 
ll.2( ii) is easily rewritten as follows. 

Lemma 1.3 For a = (ai, . . . ,a n ) G A(A), A(a) = 1 if and only if there 
exist i,j such that logaj/logaj G" Q. 

Theorem 11.21 is nothing but a reformulation of Theorem 4.2 in [26] without 
use of terminology of KMS states. Here we abbreviate one-parameter au- 
tomorphism groups and inverse temperatures associated with above KMS 
states for simplicity of description. These will be explained in § El 

Remark 1.4 (i) For A = (Aij), assume Aij = 1 for each i,j. By defi- 
nition, A(ai,...,a n ) = A(a p(1) , . . . ,o p ( n) ) for any (ai,...,a n ) G A(A) 
and any permutation p G & n . Therefore a A(a) is not injective in 
general. 
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(ii) For a, b G A(A), if A(a) 7^ A(6), then wa and ro^ are not quasi- 
equivalent. However, we do not know whether wa and wu are quasi- 
equivalent or not even if A(a) = A(6). 

I. 4 Main theorems 

In this subsection, we show our main theorems. For vectors v = (y±, . . . , v n ) G 
C n andio = (wi,..., w m ) G C m , define u El w € C" m by 

m w) m[i _ l)+j = ViWj (i = 1,... ,n, j = l,...,m). (1.11) 

We see that (^ii))^ = ))l(wK4 For .M*({0, 1}) in (fO|) and A(A) 
in (jl.7p . define 

A(*) = |J A(A). (1.12) 

Ae.M«({0,l}) 

Then the following holds for <S) V in (jl.2p . 

Theorem 1.5 (i) For (a, b) G A(^) x A(B), aMb£ A(A M B). 

(ii) Let p a be as in M.9\) . For any a, b G A(*), p a ® v P = P a mb- 

(iii) Let vja be as in Theorem For any a,b G A(*), zua vj^ is 
unitarily equivalent to ^ a ^b' 

From Theorem |1.5( i). A(*) is a semigroup with respect to the product M. 
By Theorem II . 5lf ii) . the set {pa '■ a G A(*)} of all states in (11.90 is closed 
with respect to (g)^, and the mapping 

A(*) 9 a 1 — > pa G 5* 

is a semigroup homomorphism from (A(*),KI) to (<S*, <8><t)). From Theorem 

II. 5( iii). we see that 

W ®v> [075] = NaHfo] ( a ' 6 G A (*)) ( L13 ) 

where [ir] denotes the unitary equivalence class of tt G R*. From this, the 
mapping 

A(*) B ah^ [w a ] G H* 
is also a semigroup homomorphism from (A(*),KI) to (7£*, (gu) for 1Z* in 

Next, we consider the type of wa ® v w b m From Theorem |1.5f iii). 
(roa^OTfoXCUaB) " is also an AFD factor of type III^ for < A < 1. From 
Theorem 11.21 and ll,5( iii) . the following holds. 
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Corollary 1.6 Let A(a) be as in M.10\) . Then iwa %ip ^&)(C^4KLb) * s an 
AFD factor of type ^x(a^b) $ or eac ^ a ' ^ e -M*)- 

Remark that 

A(a§b) = A(6 8a) (o,5eA(*)) (1.14) 

by definition. 

From Corollary 11.6^ the following holds. 

Corollary 1.7 For e(A) in fl.8\) . w e (A) ®tp w e{B) is of type III i for 
each A,B G A1*({0, 1}). 

Remark 1.8 (i) From Corollary 11.61 we see that the type of the tensor 
product wa ®ip is obtained by computing A (a Kl b) for given a, b. 
However, it is not easy. Remark that X(aMb) ^ A(a) • A(6) in general. 

(ii) From Lemma 11.11 we see that Theorem |1.5f iii) , (|1.14p and Corollary 
11.71 are special cases of tensor product of factor representations. 

(hi) We compare our results with those of tensor products of type 

factors. Let N\ denote the AFD factors of type IIL, for < A < 1. 
Then the following holds for any A: 

N\ <S> N\ = N\. 

We explain this in Appendix [AJ On the other hand, ir\ (gu ir\ is of 
type III A 2 when ir\ = w e rj^\ an d ^ = ^/ C A from Corollary 11.71 

(iv) The tensor product (gu in (|1.2p was originally introduced such that 
it makes sense among permutative representations of Cuntz-Krieger 
algebras [25] but it was not constructed as an operation among KMS 
states or type III representations. However, Theorem 11.51 sounds too 
good. It glance at a certain system below. We consider a relation 
between (g)^ and M in Appendix [Bl 

(v) Any KMS state in [26] is written as pa in (|1.9[) for a certain a E A(*). 
This will be proved in § 13.41 

(vi) In this paper, we treat special KMS states over Cuntz-Krieger algebras 
but not general KMS states. We do not know tensor products of 
general cases. A slightly general case is considered in § 13.51 
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In § [21 we review states and representations of C*-algebras. In § [31 we 
review KMS states over Cuntz-Krieger algebras and prove main theorems 
in § 11.41 In § |U we will compute tensor products of type III representa- 
tions of Cuntz algebras. In § [5l we will show formulae of tensor powers of 
representations. 

2 States and representations of C*-algebras 

In this section, we review states and representations of C*-algebras. 

2.1 Equivalences and the type of a representation 

We review factor representations, two equivalences of representations and 
the type of a representation [21 [27], [32]. 

Let A be a C*-algebra. A nondegenerate representation (7i, n) of A is 
called a factor (or primary or factorial) representation if it (A) is a factor. 
For two representations it\ and 7T2 of A, we state that tt\ and 7T2 are unitar- 
ily equivalent (or spatially equivalent) if there exists a unitary u such that 
^(x) = wk\{x)u* for each x 6 A; tt\ and 7T2 are quasi- equivalent if there 
exists a *-isomorphism / from 7Ti (^4.) to it 2 (A) such that f(K\(x)) = TT2(x) 
for each x £ A; tt\ and TT2 are disjoint if no subrepresentation of tt± is equiv- 
alent to a subrepresentation of TT2 ■ 

Let ~ and ~ be as in § 11.11 We review known results as follows: 
For two representations tt\ and 7T2, it\ ~ vr2 if and only if tt\ ~ TT2 up to 
multiplicity. Especially, when %\ and TT2 are irreducible, tti ~ tt2 if and only 
7Ti ~ 7T2. Two factor representations are either disjoint or quasi-equivalent. 
Any irreducible representation is a factor representation. For a set {-/Tj} of 
pairwise disjoint representations of a C*-algebra A, (©7Tj)(^4) = ©7Tj(^4) . 

A nondegenerate representation tt of a C* -algebra .A is said to be (pure) 
type X if vr(^l) is of type X for X=I, II, III, Hi, lloo- The type of a 
representation is invariant under quasi-equivalence. 

Lemma 2.1 (' L 8], § 5.6.6) Letni,iT2 be two representations of a C -algebra 
in separable spaces and assume that tti or TT2 is of type III. Then tti ~ TT2 
implies tti ~ tt2- 

2.2 KMS states 

In this subsection, we review basic facts of KMS states according to [3]. 
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Definition 2.2 (i) Let (A, R, r) be a C* -dynamical system. The state 
p over A is a t-KMS state at value (3 G R, or a (r, f3)-KMS state, 
if p{aTip(b)) = p(ba) for all a,b in a norm dense, r-invariant *- 
subalgebra of A. We call (3 the inverse temperature of p. 

(ii) A state p over a C* -algebra A is a KMS state if there exists an action 
t o/R on A and (3 G R such that p is a (r, 0)-KMS state. 

Note that a (rgt, /?)-KMS state coincides with a (Ta> t ,(3 )-KMS state when 
0(3 = 9 0. From this, (r 7 t, 7 _1 /3)-KMS state p is independent in the choice 
of 7 G R\{0}. 

A state p is a factor state (or factorial state or primary state) if the 
GNS representation of p is a factor representation [21 [8]. Let Kp{r) denote 
the set of all (r, /3)-KMS states. For p G Kp{r), p is an extremal point of 
Kp(r) if and only if p is a factor state. From this, if (r, /3)-KMS state exists 
uniquely, then it is a factor state. 

We prepare a lemma about C*-subalgebras and their representations. 

Lemma 2.3 (\T$ , Remark Let p be a KMS state over a unital C* - 
algebra B and let C be a unital C* -subalgebra of B. Let ir p and 7r p | c denote 
the GNS representations of B and C with respect to p and p\c, respectively. 
Then (ir p )\c and ix p \ c are quasi- equivalent. 



3 KMS states over Cuntz-Krieger algebras 

We review KMS states and their GNS representations of Cuntz-Krieger al- 
gebras in this section. Proofs of main theorems in § 11.41 will be given in § 
EUl Let M n ({0, 1}) and A^*({0, 1}) be as in § Oand CLl}, respectively. 



3.1 Perron- Probenius theorem 

If a non-negative matrix A is irreducible, the Perron-Frobenius theorem 
guarantees the existence of the strictly positive eigenvector with respect to 
the simple root a of the characteristic polynomial such that a > |6| for any 
other eigenvalue b. From the Perron-Frobenius theorem, the statement at 
the beginning of § 11.31 is rewritten as follows. 

Lemma 3.1 For any A G M n ({0, 1}) and u = (wj, . . . ,u n ), G R+ , there 
exists unique [3 > such that the vector 

a = {e-^\...,e-^) (3.1) 



belongs to A(A) in (fi.Tp. 
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3.2 Cuntz-Krieger algebras 

For A = (Aij) G M n ({0, 1}), Oa is the Cuntz-Krieger algebra by A if Oa is 
a C* -algebra which is universally generated by partial isometries s\, . . . , s n 
and they satisfy s*Si = Yl"j=x AijSjS* for i = 1, . . . , n and Yn=l SiS i = ^ El- 
The C*-algebra O a is simple if and only if A G M*({0, 1}). For B in (fL5l) . 
if both 0^ and Ob are simple, then so is Oa^b- 

For methods to construct representations of Oa, see [TTJ [181 ttH] • F° r 
type I representations (especially, irreducible representations) of Oa, see 
|18j . There exists no type II representation of Oa when Oa is simple be- 
cause Oa is purely infinite (|28j. R0rdam, Proposition 4.4.2) and a purely 
infinite C*-algebra has no nondegenerate lower semicontinuous trace ([2], 
Proposition V.2.2.29). For embeddings of Cuntz-Krieger algebras, see |16| . 

3.3 KMS states over Cuntz-Krieger algebras 

According to |13p26j. we review certain KMS states and their representations 
of Cuntz-Krieger algebras. For u = (uj\, ... ,u n ) G R+ and t G R, define 
the ^-automorphism af of Oa by 

a<f( Si ) = e^^Si (i=l,...,n). (3.2) 
Then a u is a one-parameter automorphism group of OA- 
Theorem 3.2 (TI5]/. Proposition 18.3, Theorem 18.5) Assume that A G 
A4 n ({0, 1}) and ot^ is as in \3. 2\) . Choose (3 > for A and u is as in Lemma 
\3.1[ Then an ot* 3 -KMS state cj) u over Oa with an inverse temperature (3 is 
given as follows: 

<jP(sjs* K ) = S JK e-^n . . . e-^-ix jm (3.3) 

when sjs* K ^ for J = . . . ,j m ) G {1, . . . ,n} m and K G U;>i{l, ... ,n} 1 
where x = (xi, . . . , x n ) is the Perron- Frobenius eigenvector of aA for a in 
Lemma HOI such that x\ + • • • + x n = 1. Furthermore, an ct u -KMS state is 
unique and (3 is also unique. 

Theorem 3.3 (]2b^. Theorem In addition to assumptions in Theorem 
\3.2\ let tt^u denote the GNS representation of Oa by , M = ^^{Oa) 
and let G denote the closed subgroup of the additive group R generated by 
(3u>i for all i. 

(i) If uji/ujj G Q for all i,j G {1, . . . , n}, then M is an AFD factor of type 
for A = e~ r , where G = rZ for some r G R+. 
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(ii) If iOi/u)j Q for some i,j £ {1, . . . ,n}, then M is an AFD factor of 
type IIIi . 

3.4 Proofs of main theorems 

We prove main theorems in this subsection. 

Proof of Lemma \l.l[ (i) Let it\2 be a representation of O2 with a cyclic vector 
Q such that 7Ti2(siS2)^ = f2. Then such a representation exists uniquely up 
to unitary equivalence and it is irreducible. Let P2(12) denote the unitary 
equivalence class of -Kyi- By § 4.1 in [23], the irreducible decomposition 
of k times tensor power P 2 (12)^ fc of P 2 (12) is multiplicity-free with 2 fc-1 
irreducible components for each k > 1. Since P2(12) is irreducible, it is a 
(class of) factor representation. However, P2(12)®^ fc is not when k > 2. 
(ii) For i = 1, . . . , n, let 7Tj be a representation of O n with a cyclic vector 
fl; such that TTi(si)0,i = Then such a representation exists uniquely 
up to unitary equivalence and it is irreducible. Furthermore 7Tj 9^ ttj when 
i 7^ j. Let P n (i) denote the unitary equivalence class of 7Tj. By § 4.1 in 
[25], P 2 (l) ® v p 2(2) = P 4 (2) and P 2 (2) g> v W) = P*(3). Since both P 4 (2) 
and P 4 (3) are irreducible and P 4 (2) 9$ P 4 (3), P 4 (2) 56 P 4 (3). Hence the 
statement holds. 

(hi) By the definition of (g)„, the statement holds. 

(iv) Let 7Ti2 and f2 be as in the proof of (i). Assume \\£l\\ = 1. Define the 
state p over 2 by p = (r2|7Ti 2 (-)f2). Then we see that 

p®^ p = (n & ft 1 (71-12 ^ vri 2 )(-)o n). 

On the other hand, 7Ti2 v K12 has just two irreducible components and is 
multiplicity- free, and 7Ti2 — tt p . On the other hand, t^ p i^ vP is irreducible. 
Hence the statement holds. I 

Remark that the statement in § 3.2 of [23] is wrong. In general, (tt Pi v Tr P2 )\ic 
and 7r Pl ® lfiP 2 are unitarily equivalent where /C denotes the cyclic representa- 
tion space with the tensor product Q pi (g) Q p2 of GNS cyclic vectors as the 
cyclic vector. 

Proof of Theorem[TM (i) For any A £ M n (C), B £ M m (C) and x G C", y £ 
C m , we see that xMy(A M B) = xAMyB £ M nm (C) and (A M B)(x M 
y) = Ax M By £ C nm . From these, if x and y are the Perron- Frobenius 
eigenvectors of a A and bB, respectively, then xMy is also that of the matrix 
a A Kl bB. From this, the statement holds. 
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(ii) Prom (i), p^fr is well-defined. By definitions of 0^ and pa, the state- 
ment is verified directly. 

(iii) For a = (ax,... , a n ) G A (A), define u = (— logai, . . . , — loga n ). Then 
Pa in (|1-9P coincides with ^ w in f|3.3|) and the inverse temperature 1. There- 
fore p a is the unique (a u , 1)-KMS state over Oa- 

Assume that a G A(A) and b G A(-B). Let C = (Pa,b(Oa®b), & = 
Oa ® Ob and p = pa® P - Then p is a state over the unital C* -algebra B. 
By the definition of ® v , p a ® v Pfr = p\c- From (ii), p amb = p\ c . By this 
and the definition of wa, 

w amb = ^p\c- 

On the other hand, w a (g)^ zuu = (w a ® w )\c- Since w a <8> ro^ is unitarily 
equivalent to the GNS representation tt p of B by p, we can identify 7r p with 
vo a <8> rot. Hence 

ro a <8v ro^ = (7Tp)|c;. 

From Lemma l2~3| w a ® v ~ w a ^b- By Theorem 11.21 and Lemma EH 
the statement holds. I 

In Theorem 13.21 let a be as in (|3.ip . Then a belongs to A(A) in (II. 7p . 
We see that pa in (|l-9p coincides with 0^ in (|3.3p . From this and the proof 
of Theorem ll.5( ii). the set of all KMS states in Theorem 13.31 coincides with 
the set {pa ■ a G A(*)}. 

Proof of Corollary [T7[ Since c a ®b = c A c B , e{A MB) = e(A) H e(B). This 
implies the statement. I 



3.5 Tensor products of general KMS states 

We consider the sufficient condition such that the tensor product of two 
(slightly) general KMS states is also a KMS state. 

Lemma 3.4 Let (O^, R, a^)) be a C* -dynamical system and let pi be an 
a W -KMS state over Oa 1 with an inverse temperature Pi ^ such that the 
KMS condition holds on an a''' -invariant dense *-subalgebra Bi of Oai f or 
i = 1,2. We assume the following conditions: 

(i) there exists a dense *-subalgebra C of Oa 1 ma 2 such that <pAi, J 4 2 (C) is 
included in the algebraic tensor product B\ B2 where (fAi,A 2 * s as i n 
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(ii) (a« ® q( 2 ))(v? Ai ,a 2 (C)) C <p Al ,A 2 (C). 
Define the action ® v of R on Oa 1 ®a 2 by 

(a« ® v a^) t = <p A l M o (a« ® ajg) o y> AliA2 (i G R). 

Then p\ <g) v p2 is an <g) v offl-KMS state over Al a4 2 w ^h an inverse 
temperature 1. 

Proof. Let x,y G C. By assumption, there exist x x , . . . , x\, y-y, . . . , y' k G 
Bi and x x , . . . , x x , y x , . . . , y k G B 2 such that <PAi,A 3 ( x ) = Y^i x i ® x i and 
tPAuAniv) = ® Vi ■ Then we can verify that 

(pi ®<p P2){x (a {1) ®^ « (2) )t(y)) = ^2 P^'i^ltiVj)) P2(x'-afl(yj)) (3.4) 
for each t G R. On the other hand, 

X] pi(y'j x 'i) p2(y'j x i) = (pi ®<p p2)(yx). (3.5) 

We obtain the KMS condition for p\ ® Lp p2 on C by taking the limit t — > \/— 1 
in ([331). I 

From the definition of </? A ,b in (|1.6fl and Lemma 13.41 the following holds. 

Corollary 3.5 In addition to Lemma \3Jj\ if B\ and £>2 are *-subalgebras 
generated by canonical generators of Oa x and Oa 2 , respectively, then C 
can be taken as the dense *-subalgebra generated by canonical generators 
of Oa^a 2 - 

4 Cases of Cuntz algebras 

We show cases of Cuntz algebras in this section. 
4.1 KMS states over O n 

GNS representations of KMS states over Cuntz algebras were studied by 
|14j . We rewrite them as special cases of Cuntz-Krieger algebras. For n > 2, 
let IntA n _i denote the interior of the n — 1-simplex, that is, IntA n _i = 
{(ai, . . . , o„) G R n : Ej=i a j = 1, Oi > for all »}. Define F n G M n ({0, 1}) 
by 

(F n ) ij = l (i,j = l,...,n). (4.1) 
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Let A(A) be as in (|1 .T[) . Then we see that A(F n ) C IntA n _i. Since an 
eigenvalue of aF n is or 1 for each a £ IntA n _i, the following holds. 

Lemma 4.1 I 2.1) For each n>2, A(F n ) = IntA n _i. 

For a finite set {pi, . . . ,p n } of natural numbers, let gcd{pi, . . . ,p n } 
denote the greatest common divisor of {p\, . . . ,p n }- From Theorem 1 1 . 2 1 and 
Lemma |4. 11 the following holds. 

Proposition 4.2 Ifpi, . . . ,p n E N and A > satisfy that gcdjpi, . . . ,p n } = 
1 and 

X P1 + • • • + X p " = 1, 
then the representation ro^P! ^ Pn ) of O n is of type IIIa- 

From Proposition 14.21 A is an algebraic number when wa is of type IIL\. 
This was pointed out by Theorem 4.7(h) in [14J. 

For a £ A(F n ), a is also the Perron- Frobenius eigenvector of aF n which 
satisfies the assumption for x in (jl.9p . Hence the KMS state pa over O n in 
(jl.9j) is given as follows: 

Pa{sjs* K ) = 5 JK aj ( J, K £ Ur> {l, . . . , n} 1 ) (4.2) 

where si,...,s n denote canonical generators of O n and aj = •••a,j m 
when J = (ji, . . . ,j m ). This type state is called quasi-free |11| . Especially, 
when a = (h, ■ ■ ■ th)i we write as pa- Then the following holds: 

(i) ([3J, Example 5.3.27) p {n) (sjs* K ) = 5j tK n~^ for J, K <G Uj>o{1, . . . ,n}' 
where | J\ = k for J = (ji, . . . ,j k ). 

(ii) p(») 0^ p( m ) = p( nm ) for each n, m > 2. 
4.2 Formulae of tensor product 

We show several formulae of tensor products of (unitary equivalence classes 
of) representations of Cuntz algebras in this subsection. From Corollary 1 1.61 
the essential computation is reduced to that of A(o § 6). For F n in (|4,ip . 
we compute A(a M b) for a, b G A(F n ). 

Example 4.3 We consider the case of 02- Define a,b,c£ A(i^) by 

From Theorem O and Lemma Ol A(o) = 1, A(6) = \ and A(c) = ^|=^. 
Hence ro a , roi, and roc are of type IIL, IIIi JH^g,! , respectively. 
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(i) Since a M b = (~, ~, ~, |) and log |/log 3 Q, ® v ^ is of type 



Hi! 



■VE-i (Vs-i) 2 VE-i (V5-1) 2 - 



(ii) Since 6Kc = (- 4 , g , 4 , 
Q, ro^ ® v ro c is of type IIIi . 

Furthermore, we show the following. 



and log 



■y/5-l 



/log( 



(v^-1) 2 



Proposition 4.4 For any n, m > 2, i/iere exists {a n : n > 2} suc/t i/iat 
a n G A(F n ), &o£/i zua n and wa n ^a m a?"e 0/ type IIIi /or eac/i n,m>2. 

Proof. We prepare the following fact: 

If k is an odd integer greater than equal 3, then log kj log \ Q. (4.3) 

This can be proved by reduction to absurdity. 
For n>2, define a n £ A(F n ) by 



a, 



1 



1 



n+ 1 



n + 1 ' n + 1 



n— 1 times 
1 1 



n + 2' 



n + 2'n + 2'n + 2 



when n is even, 



when n is odd. 



n—2 times 

From Theorem 11.2( h). Lemma 11.31 and (|4.3p . roa n is of type IIIi for each 
n > 2. By definition, there exists an odd integer k which is greater than 
equal 9, and any component of a n Kl a m is r or | or |. From Lemma [L3l 
and ([33]), \{a n M a m ) = 1. Since w an ®tp &>a m is of tyP e in A(a n Kla m ), the 
statement holds. 1 



5 Tensor powers of representations 

We consider the power of tensor product (= tensor power) of representations 
in this section. For a (unitary equivalence class of) representation ir of Oa, 
let -K®f k denote 7T (k times). For a G A(A), let A(a) be as 

in (jl.lOp . From Corollary 11.61 w'^ pk is of type IIIw a iEifc) for k > 1 where 
a k = aM - ■ - Ma (k times). Remark that A(a^ fc ) ^ X(a) k in general. From 
Corollary 11.71 w e(A) * s °^ type III(i/ Cjl )* for each k > 1. 
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5.1 Tensor powers of type IIIi factor representations 

Proposition 5.1 For any A £ .M*({0, 1}) and a £ A(j4), if wa is of type 
IIIi, then vj^ is also of type IIIi for each k > 1. 

Proof. Assume a = (ai,...,a n ). By assumption and Lemma 11.31 there 
exist i,j such that log a^/ log Oj £" Q. On the other hand, a\ and a k always 
appear as components of a^ k . Then log a k / log a k = log a^/ log aj £" Q. 
From this, X(aP k ) = 1 for any k > 1. Hence the statement holds. | 



5.2 Periodicity of the tensor power of a representation of 2 

We show formulae of tensor power of representations of 2 in this subsection. 
For A(*) in (fTT|) and F n in P~Tj) . let A 2 = A(F 2 ). From LemmaEE! A 2 = 
{(x, 1 - x) £ : < x < 1}. For a £ A 2 , let p a be as in (pL"2j) . For any 
(a, &) £ A 2 , let W( ai b) denote the GNS representation of 2 by P( a ,6)- We 

compute the type of OT/ a6 \- 

Proposition 5.2 If x > andp,q £ N satisfy that 

gcd{p, g} = 1 and x p + x q = 1, 
then rofp^s is 0/ type Ill^r /or each k > 1 where 

r = gcd{|p — g|, k} 
and we define gcd{A;, 0} = k for convenience. 

Proof. Since ro?^ is of type HI A ^ a t,) m )> we compute A((a, as follows. 
Let a = (x p ,x q ). Assume p = q. Since gcd{p, q} = 1, (p, q) = (1, 1). Then 
a Mk _ ^ x k^ _ _ _ ,x fc ). Therefore A(a Kfc ) = Hence the statement holds. 

Assume t = p— q > and r = gcd{&, i}. By assumption, gcd{t, q} = 1. 
Then we can write k = rko and t = rto for some ko,to £ N such that 
gcd{k ,t } = 1. For any component of aP k , there exists i £ {0, . . . , k} such 
that it is written as x p%Jrq<yk ~ % \ Define l{ = pi + q(k — i) for i = 0, . . . , k. 
Since Zj = (to* + qko)r, Zj can be divided by r for any i. Especially, we can 
verify that gcd{Zo, h} = t. Therefore gcd{Zo, h, ■ ■ • , h} = r - In consequence, 
there exist mi, . . . , m 2 k £ N such that gcd{m!, . . . , m 2 k} = 1 and aP k = 
(y mi , • • • , y m 2 k ) for y = x r . This implies the statement. 

As is the case with p — q > 0, the case p — q < can be proved. | 
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Example 5.3 (i) If p € N and x G R+ satisfy 

x p+1 + x p -l = 0, 

then ca^p+i xP ) is of type IIL for each k €. N. Especially, when p = 1, 
x/5_i 2 is of type Illyg-i for each fc > 1. 

U 2 ' ' 2 ' 2 

(ii) Let x be a (unique) positive solution of the equation x 3 + x — 1 = 0. 
If a = (x, x 3 ), then 



w a r is 



of type Ilia (k is odd), 
of type IIIa.2 (fc is even). 

(hi) Let x be the positive real solution of the equation 

x 11 + x 5 - 1 = 0. 
Define a = (x n ,x 5 ). Then 

of type IIIj,6 

of type IIL^ 

of type IIIj,2 

I of type Ilia; 



w a v IS < 



k . 



(k = mod 6), 
(fc = 3 mod 6), 
(fc = 2 mod 6), 
(otherwise). 



In consequence, the tensor power has periodicity arising from the pe- 
riodicity of the function N 3 fc gcd{a, fc} when a > 1. 
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Appendix 



A Tensor products of type III factors 

We review tensor products of type III factors. In general the tensor product 
of two type III factors is also a type III factor. Therefore the tensor product 
of a type IIIa factor and a type III M factor for < A, /i < 1 is also a type 
III„ factor for a certain < v < 1. We roughly write this as follows: 

III A ® HI/, = Ilk (A.l) 

However such v is not uniquely determined from given \, fi in general [5]. 
Consequently, (jA.ip makes no sense and the parameter < A < 1 of Connes' 
classification of type III factors is not compatible with the tensor product 
of factors in general. 

Exceptionally, when the L.H.S. in (jA.ljl is the tensor product of AFD 
type III factors, v is uniquely determined from given < A, \i < 1 in (jA.ip 
as follows ([2J, HI.3.1.14): 

/ < A, fj, < 1, and there exists (p,q) 6 N 2 such that \ 
v = ] T V S cd fe 9} = 1 and (A, fi) = (t*>, r*) J ' 

1 (otherwise) . 

B Several kinds of tensor product of representa- 
tions 

We review basic facts of tensor product of representations. First, we remark 
that there are non-negligible differences between group theory and algebra 
theory with respect to terminologies of tensor product of representations. 
In order to explain this, we start with tensor products of representations in 
group theory. 

For a representation 7Tj of a group Gi for i = 1,2, define the repre- 
sentation 7ri ®out vr 2 of Gi x G 2 by (m ® out n 2 )(gi,g 2 ) = vri(5i) ® ^2(52) 
for (51,52) 6 Gi x G 2 . The representation tti ®out ^2 is called the outer 
tensor product of representations of 7Ti and tt 2 [31J. In addition, when 
Gi = G 2 = G, let t denote the diagonal embedding of G into G x G. 
Then 

TTl ®inn 7i"2 = (tti ^oMt vr 2 ) o t 
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is called the inner tensor product (or Kronecker product of tt\ and iT2, 
that is, (71-1 (gw Tr 2 )(g) = iri{g) 

written as 7ri (8) 7r 2 and the inner tensor product of representations is called 
the tensor product of representations for simplicity of description. Almost 
always, the tensor product of representations in group theory means the 
inner tensor product of representations. 

On the other hand, for a representation 7Tj of an algebras Ai for i = 1, 2, 
the tensor product representation 7ri 7r 2 of 7ri and 7T2 is uniquely defined 
as the outer tensor product representation of ix\ and 7r 2 for A\ <8> .A2 because 
there is no way to define the inner tensor product for algebras in general. 
Especially, the tensor product of representations means the outer tensor 
product representation in the theory of operator algebras in usual. 

If an algebra A has a (coassociative) comultiplication A G Ylom.(A,A® 
A) [15], then we can define the (associative) inner tensor product (or the 
Kronecker product '9j) of representations tt\ and 7r 2 of A by 

TTl <8W 7T 2 = (7T1 ® 7T 2 ) O A. 

Remark that the operation <£>i nn depends on the choice of A in this case. 
Here we omit topological problems of tensor product of topological algebras 
for simplification. 

At the last, we see that the product M of vectors in (jl.lip can be 
regarded as the "Kronecker product of diagonal matrices". From Theorem 
11.51 the "Kronecker product of vectors" and the "Kronecker product (g)^ of 
representations" are very close. This is an interesting accidental coincidence 
of the terminology "Kronecker product." 
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